We discuss relaxation of conformational fluctuations around deformed polymer states. To this end, Brownian dynamics simulations of bead-spring models including a finite extensibility of the springs as well as excluded volume and hydrodynamic interactions between the beads have been performed. Complete spectra of relaxation times as well as corresponding relaxation modes are obtained from the simulation data by applying the static dynamics formalism, which rigorously describes the initial decay of correlations between the bead positions. As shown here, this procedure amounts to using a generalized Rouse-Zimm-like model which is governed by linear effective equations of motion having the same initial decay of correlations as the full nonlinear bead-spring model used in the simulations. In thermal equilibrium, the well-known scaling laws in the presence of excluded volume and hydrodynamic interactions between the beads are recovered, but, in addition, the static dynamics method also yields numeric values for the nonuniversal prefactors of the respective laws. The method is equally applicable to a broad range of problems, where the polymer is deformed by the action of flows or forces. Two examples of recent interest are considered: a tethered polymer pulled at its free end and one which is stretched by a uniform flow. It is shown that in both cases, the relaxation process is dominated by a finite extensibility of the springs.
I. INTRODUCTION
The slow internal dynamics of long polymer chains is the origin of the viscoelasticity of dilute polymer solutions ͓1-6͔. The resulting flow phenomena encompass surprising and spectacular effects such as turbulent drag reduction ͓7-9͔ or elastic turbulence ͓10͔. While many of these phenomena have been known for a long time already, their understanding is still far from complete. A central quantity used in attempts to advance this understanding on a microscopically founded basis is the spectrum of polymer relaxation times.
In weak flows, the polymers are not disturbed much from their coiled equilibrium conformation, hence, their dynamics is well described by the equilibrium relaxation spectrum. The latter can be calculated from bead-spring polymer models ͓11-15͔ and a reasonable agreement with experimental data is achieved. Thus restricting to weak flows, the linear viscoelastic model of rheology ͓1,2͔ provides a well founded continuum description of the polymer solution.
A significant polymer deformation is expected according to the so-called time criterion ͓16͔ when the inverse local shear or elongation rate Ϫ1 is shorter than the longest polymer relaxation time. Since the latter is conformation dependent, because of hydrodynamic back-flow, it was argued that a hysteretic transition between a coiled and a stretched polymer conformation may occur upon varying ͓17,18͔. Based on a similar argument, a truncation of the turbulent cascade was put forward as a qualitative explanation of the turbulent drag reduction phenomenon ͓19͔. To also obtain rheological predictions in such strong flows, phenomenological dumbbell models have been proposed as a kind of minimal description of an extensible object ͓20-23͔, in which a conformation-dependent relaxation time is used to model the polymer response.
More recently, the polymer deformation has been investigated extensively for two simple model situations: a polymer pulled at the ends and a tethered polymer subjected to a uniform flow. Experimentally, both situations are realized by using DNA as a model polymer which can be manipulated with the aid of optical tweezers and which can be observed by fluorescence microscopy ͓24 -27͔. Specifically for the polymer pulled at the ends, the relaxation times and modes have been measured directly ͓27͔.
Theoretical predictions of the polymer elongation and relaxation times have been obtained mainly through the blob model, for the polymer pulled at the ends in Refs. ͓14,28,29͔ and for the polymer in uniform flow in Refs. ͓30-33͔. The blob model is very appealing because scaling laws for both global and local properties characterizing the deformation as well as the dynamics of the polymer can be derived analytically even in the presence of excluded volume and hydrodynamic interactions.
Calculations for bead-spring models representing the many degrees of freedom of a polymer chain more faithfully have been carried out at different levels of approximation for the interactions between the beads. The end-pulled case is the subject of Refs. ͓34,35͔, while Refs. ͓36 -39͔ consider the uniform flow case. In comparison to the simulation data, the basic assumptions of the blob model have been verified and some improvements have been suggested ͓38-41͔. The relaxation times have been estimated specifically for the endpulled case in Refs. ͓34,35͔. For the uniform flow case, a calculation based on the blob model has been carried out in Refs. ͓32,55͔. Preliminary results using the static dynamics approach have been given in Ref. ͓42͔ . In the present work, this method, which allows for a systematic evaluation of polymer relaxation times and modes from simulation data for bead-spring models, is discussed in detail. As an illustrative application we compare the two prototypic situations of a tethered polymer pulled at the end and one which is subjected to a uniform flow. In both cases, the relaxation times show a qualitatively similar behavior, but the corresponding modes have a rather different shape.
The polymer relaxation spectrum can be calculated analytically only for the simplest polymer models, namely, those of Rouse ͓11͔ and Zimm ͓12, 13͔ . Both these models share the feature that they yield linear equations governing the motion of the polymer. Hence, a complete analytic solution can be obtained in terms of independently evolving relaxation modes which decay exponentially with a certain relaxation time. For more realistic nonlinear polymer models, modern simulation techniques allow us to solve the equation of motion numerically. When similar information on the dynamics as for the linear models is sought, however, a fundamental difficulty is encountered ͓14,23,43͔: the nonlinearity leads to a coupling of modes and fully independently relaxing modes, as in the linear case, do not exist.
A common way to deal with this situation is to simply assume that the amplitudes of the Rouse modes retain their significance for the relaxation of the polymer chain even for nonlinear polymer models ͓44,45͔. This assumption may be reasonable for a polymer in thermal equilibrium, but is rather unlikely to hold for strongly deformed polymers subjected to external forces or flows. Even if one accepts the premise of using the Rouse modes, the relaxation times then have to be determined from an exponential fit to the time series of the Rouse amplitudes, which is tedious and error prone so that, in practice, only the few longest relaxation times can be obtained in this way.
Another approach which aims at the relaxation spectrum directly without reference to a set of modes is to apply an inverse Laplace transform to a single time series of some observable shch as the distance between the ends of the polymer ͓24͔. Here, however, the result generally depends on the choice of the observable. Furthermore, the inversion is an ill-conditioned problem due to the presence of noise in the data and requires the use of special regularization techniques ͓46,47͔. The results then, in general, depend strongly on the regularization parameter.
Here, we analyze a way to determine the relaxation spectrum for nonlinear polymer models which is linked rigorously to the initial decay of correlations in the motion of the polymer segments. This method is similar in spirit to an earlier work that made an attempt to approximate dynamical quantities in terms of static averages for which the term static dynamics has been coined ͓48͔. In contrast to these previous works, which have focused on determining various transport coefficients ͓49,50͔, we here aim directly at the calculation of relaxation times and also obtain a corresponding set of relaxation modes ͓42͔. In this way a direct comparison to calculations based on blob models ͓32͔ and to recent experiments measuring both relaxation times and modes ͓25,27͔ becomes possible, see Ref. ͓55͔. The static dynamics approach to relaxation times and -modes employs a linearization of the time evolution of the correlation function about the initial state ͓15͔. An agreement with scaling theories that do not rely on the mode concept shows that this approximation captures the essence of the dynamics of fluctuations of the polymer conformation in a statistically steady state. The modes obtained are a natural generalization of the linear eigenmodes in that their initial decay is uncorrelated. They essentially describe the dynamics of a generalized Rouse-Zimm-like model ͓51͔. The static dynamics method is particularly useful in evaluating data from numerical simulation. From practical point of view, the method is fast, easy to use, needs no adjustments of parameters or additional assumptions, and yields the complete spectrum in one sweep.
The outline of the paper is as follows. In Sec. II we consider polymer models with linear dynamics like those of Rouse ͓11͔ and Zimm ͓12͔ . For these models, the general solution is obtained analytically as a superposition of a complete set of modes which decay independent of each other. The evolution of each of these modes follows an exponential law with a certain relaxation time. An important issue is to clarify consequences of the possible noncommutability of the matrix of force constants and the mobility matrix. This is a standard result in linear algebra ͓52,53͔, and classical mechanics ͓54͔ which is summarized to prepare the stage for further development concerning nonlinear models.
In Sec. III, we turn to the static dynamics approach ͓15,42,48,55͔ which is based on a rigorous relation for the initial decay rate of correlations between two observables of the polymer conformation. The previous derivation of this relation ͓15͔ makes use of the Boltzmann distribution and, hence, is valid only in thermal equilibrium. We give a somewhat more general treatment, which requires only detailed balance to hold without assuming a special form of the distribution of polymer conformations. As shown in Appendix A, the detailed balance condition applies to an important class of polymer flow problems. We then generalize the previous treatment ͓15͔ to vector observables. From the discussion in Sec. II it becomes clear that there is a unique coordinate transformation which eliminates cross correlations between vector components.
In Sec. IV, the static dynamics method is applied to the Rouse model, and a comparison with the exact analytical solution for the discrete case is made. This allows us to assess the accuracy and the amount of data required to reduce numerical errors to an acceptable level. Since standard texts mostly consider the continuous limit, a solution for the discrete case with the same boundary conditions as used in the simulations is given in Appendix C.
In Sec. V, bead-spring polymer models including various nonlinear effects are analyzed by the static dynamics method under conditions of thermal equilibrium. The effects considered are a finite extensibility of the springs as well as excluded volume interactions and hydrodynamic interactions between the beads. Details of the modeling are described in Appendix B. The relaxation spectra obtained with the static dynamics method are shown to agree with the available scaling results.
Finally, in Sec. VI we turn to two simple nonequilibrium problems which have recently attracted a great deal of atten-tion. Specifically, we compare a polymer chain pulled at the ends ͓27,34,35͔ to a tethered chain stretched by a uniform flow ͓32,36,40,55͔. For the latter, a rather large database has been accumulated during a previous investigation ͓39͔. For the former, some further simulations have been carried out showing that the modes are rather different in both cases. This indicates that care must be taken when extrapolating results between different external conditions.
II. LINEAR POLYMER MODELS
In this section we consider bead-spring polymer models which are described by a linear Langevin equation with additive noise,
‫ץ‬ ‫ץ‬t
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͑1͒
Here, like for the nonlinear models detailed in Appendix B, R is a supervector comprising the Cartesian components of the positions of all N beads and is a Gaussian white noise with zero mean and unit variance. The mobility matrix H and the matrix of force constants K are both symmetric and positive. Moreover, in contrast to the models used in the simulations as described in Appendix B, we here assume both H and K to be independent of the polymer conformation R.
Clearly, the classic models of Rouse ͓11͔ and Zimm ͓12͔ are of the above form. But more generally, H may arise from averaging the true conformation-dependent mobility matrix H(R) given by Eq. ͑B8͒ with respect to the conformational distribution for a deformed polymer, so that
The elements of K , in turn, may be considered as effective force constants defined in terms of correlations between the bead positions of a deformed polymer. By virtue of the equipartition theorem, we have
where UϭRϪ͗R͘ gives the deviation of the actual bead positions from their average values.
In the presence of an external flow or force, the average bead positions ͗R͘ are nonzero. However, owing to linearity U may replace R in Eq. ͑1͒, which we suppose from now on, i.e., Eq. ͑1͒ will be used to describe fluctuations around the average bead positions rather than the bead positions themselves. Then, the matrices H and K , as defined by Eqs. ͑2͒ and ͑3͒, already contain the effects of an imposed flow so that the latter does not appear explicitly in the equation of motion, Eq. ͑1͒. The kinetic part of this method, embodied in the definition of H in Eq. ͑2͒, is similar to the generalized Rouse-Zimm model of Ö ttinger ͓51͔, but here used to describe fluctuations of the polymer conformation. Since Eq. ͑1͒ is linear, a complete solution can be obtained in terms of relaxation times and modes which solve the eigenproblem
where p and all other indices appearing below run from 1 to 3N. The eigenvalues p Ϫ1 give the inverse relaxation times and the eigenvectors Q p are the corresponding relaxation modes. These make up the columns of a matrix Q that effects a coordinate transformation in conformation space
so that the transformed matrix
becomes diagonal. Since H and K in general do not commute, their product ⌫ is not symmetric even though H and K are. However, since H and K are positive, Eq. ͑4͒ poses a so-called generalized symmetric-definite eigenproblem ͓52,53͔, which also appears in the classical mechanics of coupled oscillators ͓54͔. Its basic properties are summarized in the following, where summation over repeated indices will be implied. The eigenvalues are real and the eigenvectors form a complete system which, however, is not orthogonal, i.e., Q pi T Q iq ␦ pq . Instead, the relation
holds, which together with the eigenvalue relation ͑4͒ gives
͑8͒
Owing to the positivity of H , and hence also H Ϫ1 , the first of these may be considered as a generalized orthogonality relation ͓56͔. Moreover, these relations express the fact that H Ϫ1 , and hence also H , as well as K are diagonalized simultaneously, but by a congruence rather than a similarity transformation with the matrix Q ͓12,52,53͔. Therefore, these relations do not give the matrix elements of H Ϫ1 and K with respect to the eigenbasis Q p . The matrix elements of H and K Ϫ1 , however, do have a simple expression in terms of the metric Q pi T Q iq , namely,
It will be shown in the following section that the linear model with H and K , defined by Eqs. ͑2͒ and ͑3͒, gives exactly the same initial decay as the original nonlinear model from which the averaged mobility and effective force constants have been derived.
III. STATIC DYNAMICS
For linear systems such as those considered in the preceding section, the concept of relaxation modes and times is clear-cut: the state vector R representing the polymer conformation is expanded in a set of base vectors for which the dynamics becomes uncoupled. For nonlinear systems, a decomposition satisfying such a strong property is not possible in general. Thus, to exploit the power of linear methods, some approximation must be made. One such approximation that has been found particularly useful, since it allows to draw conclusions about the relaxation of two-time correlations from calculation of one-time moments only, is the socalled static dynamics approach ͓15,48͔. In this section, we discuss an extension of this formalism to nonequilibrium dynamics and to vector observables. We begin by considering two scalar observables A(R) and B(R), which will later be taken as two components Ũ i and Ũ j of UϭRϪ͗R͘ with respect to a suitable basis and we calculate the initial decay The Fokker-Planck equation is written in the form of a conservation law as
where the probability current J͓P͔ is given by ͓57,58͔
J͓P͔ϭ͑vϩH•F͒PϪk B TH•"P. ͑12͒
Here, P is the transition probability P 2͉1 (R,t͉R 0 ,0) which satisfies the initial condition P 2͉1 (R,t͉R 0 ,0)ϭ␦(RϪR 0 ). In the following, v, F, and H are functions of R and " denotes the vector of derivatives with respect to the components of R.
The time correlation ͗A(t)B(0)͘ of two observables
͑13͒
where P 1 s is the stationary distribution of bead positions. Dropping the arguments R and RЈ, the rate of change is
By using the Fokker-Planck equation ͑11͒ for P 2͉1 , we obtain
͑17͒
Upon introducing the current from Eq. ͑12͒, this simplifies to
͑18͒
The current J vanishes when detailed balance holds. This is the case, of course, in equilibrium, but as shown in Appendix A it also holds for an important class of flows and forces when the hydrodynamic mobility matrix is averaged. Under this condition we recover the simple result
͑19͒
which was obtained previously for polymers in equilibrium ͓15͔.
The initial decay may be described by a linear law where the rate constant of the relaxation is obtained as
when both observables decay to zero, i.e., ͗A͘ϭ͗B͘ϭ0. Taking now AϭU i ϭR i Ϫ͗R i ͘ and BϭU j ϭR j Ϫ͗R j ͘, we obtain a matrix of (3N) 2 different relaxation rates due to cross correlations between different beads. In terms of the averaged mobility matrix H and the matrix of effective force constants K defined in Eqs. ͑2͒ and ͑3͒, we have
.
͑21͒
From the analysis of linear models in Sec. II it is clear that this matrix can be made diagonal by the coordinate transformation which simultaneously diagonalizes H and K via congruence. This coordinate transformation in general will be nonorthogonal since H and K need not commute. To make the connection explicit, consider observables AϭŨ p ϭQ pm Ϫ1 U m and BϭŨ q ϭQ qn Ϫ1 U n in Eq. ͑20͒ which gives 
͑23͒
Now by using the relations for the matrix elements of H and K from Eqs. ͑9͒ and ͑10͒ in Sec. II it is seen that the sums in the numerator and the denominator each reduce to a Kronecker ␦ so that
͑24͒
In summary, the essence of the static dynamics approach is the use conformation-independent matrices H , K which are easily calculated from simulation data according to the definitions, Eqs. ͑2͒ and ͑3͒. The matrices define a generalized Rouse-Zimm model for the conformational fluctuations of the polymer. The relaxation times and modes then are calculated in a straightforward manner by numerically diagonalizing the matrix ⌫ϭH K . Its eigenmodes provide relaxation modes which initially decay uncorrelated with each other. Its eigenvalues give the inverse relaxation times describing the initial decay of these uncorrelated modes.
IV. ANALYSIS OF THE ROUSE MODEL
The analytical solution of the Rouse model for a chain in thermal equilibrium with one end fixed and the other end free, as described in Appendix C, yields a relaxation spectrum
For further discussion it will be useful to use separate indices for bead and mode numbers i, pϭ1, . . . ,N and directions in real space ␣ϭx,y,z. A large part of the spectrum follows a scaling law p ϰ(2pϪ1) Ϫ2 , cf. Fig. 2 . Deviations from this scaling law at large mode numbers pտN/2 are due to the finite number of beads and are absent in the usual treatment ͓15,59͔, where N is assumed to be very large so that the expansion sin(x)ϳx can be employed.
The Rouse modes are special chain conformations described in the following. Because the Gaussian conformational distribution function factorizes in the three directions of real space, ␣ϭx,y,z, the position of the ith bead, i ϭ1, . . . ,N, in the mode with indices p,␣ may be written as a product R pi ␣ ϭR pi Ê ␣ . Thus, as illustrated in Fig. 1 In equilibrium, none of the three directions of a Cartesian coordinate system is distinguishable. Therefore, the spectrum of polymer relaxation times is threefold degenerate. The modes corresponding to each triplet of relaxation times differ only in their directions Ê ␣ in real space, while the spacing of beads along this direction is the same for all three modes in the triplet. Since all directions in space are equivalent, the directions obtained by the static dynamics method will be arbitrary, except being mutually orthogonal for each triplet of modes.
We now turn to a comparison of the analytical results to the results of a static dynamics ͑SD͒ analysis applied to simulation data for the Rouse model as described in the preceding section. The SD relaxation times shown in Fig. 2 agree perfectly with the spectrum of Rouse times given by Eq. ͑25͒ even for the highest mode numbers. The dataset which was used for the analysis consisted of 10 000 samples taken at time intervals of 100.0 which were generated by the Brownian dynamics simulation method described in Refs. ͓39,60͔. An initial transient of 100 samples was discarded in order to eliminate effects of the initial configuration which was R i ϭibx. After this period the distance between the two ends of the polymer had reached its equilibrium value of 10.0 within a statistical error of 2%. To obtain the above results we exploited the permutation symmetry of the coordinate axes and averaged p and R pi over the three coordinate directions Ê ␣ . The values of the SD relaxation times obtained for the individual coordinate directions showed deviations of less than 5% from these averages. This deviation is approximately proportional to the size of the dataset. To get the same results without averaging, it was necessary to increase the size of the dataset by a factor of 4. If, on the other hand, only half of the data are used, the Rouse times of less than p R Ϸ0.1 were underestimated by the SD method. In the rest of this work, we will use ensembles of 5000-10 000 members and average over equivalent directions whenever possible.
The SD modes for pϭ1,5,9 are shown in Fig. 3 in comparison with the analytical results for the Rouse modes. We find that approximately the first 10% of the modes are reproduced accurately. For higher mode numbers, the tips of the sine waves are underestimated.
So far we have considered only a tethered polymer where all degrees of freedom relax. For a freely floating polymer, however, the center-of-mass motion is diffusive. This corresponds to an inifinite relaxation time which spoils the numerics. The situation is easily remedied though, by performing the SD analysis on the bead positions relative to the center of mass. Thus, the relevant case for rheological applications can also be treated with the SD method.
V. APPLICATION TO NONLINEAR POLYMER MODELS AT EQUILIBRIUM
The knowledge of the equilibrium relaxation times of polymer models, taking into account excluded volume interactions ͑EVI͒ and hydrodynamics interactions ͑HI͒ between chain segments is summarized in scaling relations for the dependence of the longest relaxation time on the number of Kuhn segments, or beads, ϰN
. To this end, the longest relaxation time is estimated as the time the coil needs to diffuse its own size, i.e., 1 ϷR E 2 /D ͓14͔. The static scaling relation R E ϰbN , where ϭ3/5 with EVI and ϭ1/2 without EVI, relates the end-to-end distance R E to the number of beads, N. Here, b is the length of a Kuhn segment, which corresponds to the root-mean-square bond length in the bead-spring model. The diffusion constant of the coil is D ϰN or Dϰ6R E ϰ6bN in the free-draining and nondraining limits, corresponding to the cases without and with HI, respectively. Here, ϭ6a is the Stokes friction coefficient for a single bead of size a in a solvent of viscosity .
The results of this scaling theory agree with those obtained from the Rouse-Zimm model ͓11,12,61͔ which can be extended to account for EVI in an approximate way ͓15,62͔. In addition, the latter also provides a scaling relation for the spectrum ϰ(2pϪ1) and a numeric value for the longest relaxation time, given the bond length b and the bead friction coefficient . Since it turns out that the exponents and , which give the dependence of the relaxation times on N and p, are the same, one may conclude that the pth mode describes the relaxation of subchains with N/p segments ͓15͔.
For the pure Rouse chain, the simple scaling theory gives 1 ϰN 2 . This result is also found from Eq. ͑25͒ when the expansion sin(x)Ϸx is used, which is valid for pӶN. For the Rouse chain with EVI and without HI one finds
while for the Rouse model with both EVI and HI one has 1 ϰN 3 ϷN 1.8
͑28͒
The results for the relaxation times corresponding to the latter two cases, as calculated from simulation data by the SD method, are shown in Fig. 4 . The fit of a straight line to the data in the log-log plot indicates that the SD relaxation times do obey a power law for both models. The exponent obtained
Comparison of the relaxation spectrum of the Rouse chain calculated analytically from Eq. ͑25͒ and from simulation data by means of the static dynamics method ͑open triangles͒ for a chain with Nϭ100 beads. Only every fifth value calculated from the data is shown to prevent cluttering of the symbols at large mode numbers p. At large p, there is a deviation from the scaling law ϰ(2pϪ1) 2 , which is caused by the discreteness of the bead-spring chain.
FIG. 3.
Comparison of several Rouse modes (pϭ1,5,9) as calculated analytically from Eq. ͑26͒ ͑solid line͒ and from simulation data by means of the static dynamics method ͑open triangles͒ for a chain with Nϭ100 beads.
from the fit in the case with EVI only has a value of 2.19, which is in good agreement with the result 2.2 derived from scaling arguments. The fitted exponent in the case with both EVI and HI has a value of 1.83, which is again in good agreement with the scaling result of 1.8. Replacing the harmonic springs by finitely extensible nonlinear elastic ͑FENE͒ springs does not affect the scaling of the longest relaxation time with N as expected, since a change in the local interactions has no effect on the large scale behavior of the chain ͓15͔. Figure 5 shows the full SD-relaxation spectra for different nonlinear bead-spring chains with Nϭ100 beads. If FENE springs are used and other effects neglected ͑solid triangles͒, the SD times agree with the Rouse spectrum ͑solid line͒. Again, this is expected at least for the slow relaxation times. We find that agreement persists even for relaxation times where discreteness effects are already present. ͑Deviations for pտ75 are probably due to numerical errors because of the limited size of the dataset.͒ Nonlocal interactions such as EVI, in contrast, do change the slow relaxation times. As observed in Fig. 5 , adding EVI to the Rouse model ͑open squares͒ changes the scaling behavior from ϰ(2pϪ1) Ϫ2 for the pure Rouse model to ϰ(2pϪ1) with ϭϪ2.23. For large values of p, there is a regime where no simple scaling law holds because of the discreteness of the chain. Furthermore, we find an overall increase of the relaxation times roughly by a factor of 5. The value of the longest relaxation time 1 ϭ6.50ϫ10 3 is qualitatively consistent with a parallel study of polymer relaxation ͓63͔ where different aspects of the same model were considered. In that work an ensemble was prepared in an elongated nonequilibrium state and the time dependence of the x component of the end-to-end vector R N ϪR 0 was recorded. The late stage of the relaxation, which corresponds to the linear regime where average perturbations and fluctuations relax in the same way, could be described as a single exponential decay with a time scale around Ϸ6ϫ10 3 . This has the same order of magnitude as the SD relaxation time presented here and is also several times larger than the longest relaxation time of a Rouse chain which is 1 R ϭ1.36ϫ10 3 . If HI are added to the Rouse model with EVI ͑open diamonds in Fig. 5͒ , the scaling exponent calculated from a fit to the slow end of the spectrum is changed to ϭϪ1.78. Due to symmetry, in equilibrium the modes factorize in the same way as for the Rouse model also for nonlinear models. The form of the distance function R pi , of course, may be different from that found for the Rouse model in Eq. ͑26͒. We find that EVI indeed leads to a change compared to the Rouse modes. The deviation is not large but clearly visible as shown in Fig. 6 for the first mode of a chain of N ϭ200 beads. For higher modes, the difference with the Rouse modes is less pronounced. When HI is added or FENE springs are used, no difference compared to the Rouse form could be discerned.
VI. APPLICATION TO MODELS FOR DEFORMED TETHERED POLYMERS
Under the action of a force or flow, the beads in general have different nonzero average positions, ͗R i ͘ 0, so that it Moreover, when external forces or flows are present, the spherical symmetry of the equilibrium situation is broken. In the case of a force applied at the free end of the polymer or a uniform flow, one direction in real space, namely, that parallel to the force or flow, is distinguished. We refer to this as the longitudinal direction, while the other two directions, which are still related by a rotation symmetry, will be called transverse. Because of the reflection symmetry in the transverse directions, it is easy to see that cross correlations between one of these and the longitudinal direction must vanish. Therefore, the factorized form of the modes U pi ␣ ϭU pi Ê ␣ remains valid here. Since the symmetry between the three coordinate directions is broken, one in general expects a ''level splitting'' of the relaxation times in each triplet, with one distinguished longitudinal relaxation time and two degenerate transverse relaxation times. Of course, in the numerical results the alignment of the mode directions parallel or perpendicular to the flow is not perfect. We distinguish the modes within each triplet on the basis of which of the components of their direction Ê ␣ has the largest value in a fixed coordinate system where the flow is along the x direction. Thus, the longitudinal mode is uniquely singled out. Differences between the transverse modes or their relaxation times-which should be equal by symmetry-may serve as an estimator for statistical errors in the results. In strong flows, there is also the possiblility of ''level crossing,'' i.e., the triplets are no longer distinguished by large differences in the relaxation times. However, mode triplets can still be defined by the number of nodes of the distance function U pi .
The Rouse model is the one exception to these general expectations. Due to linearity the equation of motion, Eq. ͑B12͒, may be split into an equation for the average ͗R͘ and the deviation RϪ͗R͘ from this average. The stochastic force is then seen to couple only to the latter, while the additional drag forces due to the flow appear only in the former. Therefore, only the average bead positions are affected by the flow and the relaxation times or modes do not change with flow velocity. This behavior is reproduced by the SD analysis.
Turning to a comparison of the two prototype situations of a tethered polymer pulled at the end and one which is subjected to a uniform flow, we first take a look at the polymer elongation in both cases. Since the strongest effect on the relaxation times turns out to be produced by the finite extensibility of the springs, we focus on a FENE chain with N ϭ100 beads. In Fig. 7 , the end-to-end distance is plotted as a function of the total force exerted on the polymer chain. In the end-pulled case ͑circles͒, this is simply the applied force f, while in the uniform flow case ͑triangles͒, for a freedraining polymer, the drag forces acting on each of the beads simply add up to a total force f ϭvN. From Fig. 7 it is seen that the uniform flow is less effective in stretching the polymer by a factor that is approximately constant, i.e., to achive the same elongation requires a total force that is twice as strong.
The triplet of longest relaxation times for both cases is shown in Fig. 8 again as a function of the total force exerted on the polymer chain. For small f the relaxation times are close to their threefold degenerate equilibrium value. With increasing force, a strong decrease of all relaxation times is observed. The reason for this behavior is that the FENE springs become stiffer and stiffer the more they are stretched under the action of the external forcing. Furthermore, we find the expected level splitting, where the longitudinal mode relaxes faster than the transverse modes. The decrease of the longitudinal modes in both cases appears to follow a power law 1 ʈ ϰ f Ϫ1.5 . The decrease of the transverse modes is somewhat slower and may tentatively be described by 1 Ќ ϰ f FIG. 7. End-to-end distance of a tethered FENE chain with N ϭ100 beads pulled at its free end with different forces f ͑circles͒ and subjected to uniform flows of different velocities v ͑triangles͒. In the latter case, the total force exerted on the polymer, vN, is used to factilitate a comparison. relaxation time. This means that the transverse modes of the first two triplets relax slower than the slowest longitudinal mode.
While the qualitative behavior of the relaxation times is similar in both cases, the modes remain Rouse-like in the end-pulled case, but assume a completely different form in the uniform flow case as shown in Fig. 9 ͓72͔. There, the first triplet of modes is shown for a force of f ϭ5.0 in the endpulled case ͑dotted lines͒ and a flow velocity of vϭ0.2 in the uniform flow case ͑dashed lines͒. These values have been chosen so that the polymer elongation is comparable in both cases. It corresponds to about 80% of the contour length Nb. For the polymer pulled at the ends, all three modes clearly have the Rouse form ͑solid line͒. When the polymer is subjected to a uniform flow, however, even the transverse modes are far from sinusoidal. This change of the shape of the modes is a consequence of the inhomogeneous distribution of tension along the chain ͓39͔. In the end-pulled case, in contrast, the tension is the same everywhere along the chain.
We finally remark that for the number of beads considered here, Nϭ100, adding EVI and HI to the FENE model does not significantly change the behavior of the relaxation times or modes. Chains with many more Kuhn segments, as they are used in experiments, are beyond the present simulation capabilities ͓39,60͔. In this case, appreciable effects may occur.
VII. DISCUSSION AND CONCLUSIONS
The polymer relaxation spectrum forms an important link between the dynamics of single polymers and viscoelastic continuum mechanics. While for thermal equilibrium conditions a rather comprehensive theory is available, the relaxation behavior of deformed polymers is far less understood.
In the present work we have established an efficient method for calculating the complete polymer relaxation spectra and a set of corresponding modes from simulation data by employing the static dynamics approach. This approach rests on a relation for the initial decay rate which has been generalized here to nonequilibrium situations where detailed balance is valid. The latter has been shown to hold for polymers stretched by a force applied at the ends or by simple flow fields of either uniform or elongational type when a common averaging approximation is invoked to describe hydrodynamic interactions ͓12,34 -37,49,51͔. The relaxation modes are determined by the requirement that their initial decay is uncorrelated. In the linear case-where the conformational distribution function is Gaussian-this, of course, reduces to the usual Rouse modes, which are fully statistically independent. For nonlinear models the procedure amounts to using a generalized Rouse-Zimm model which is adapted to the simulation data.
The suggested procedure is subject to the general critique of any normal mode approach ͓14͔. By its very construction it always yields 3N modes; the birth of new relaxation times as found in Ref. ͓64͔ or the possibility of a continuous relaxation spectrum conjectured in Ref. ͓14͔ is thus impossible within our framework. To circumvent the difficulties of the normal mode approach in the case of nonlinear polymer dynamics, the focus is usually shifted to the scaling behavior of the spectra. It was shown here that the equilibrium scaling exponents can also be obtained from the spectra calculated by the static dynamics method. In addition, the static dynamics method yields numeric values for the prefactors, which is important for technical applications, e.g., strong excluded volume interactions significantly slow down the relaxation process. Experimental evidence for a truly discrete spectrum has been given in Ref.
͓24͔.
The analysis of two simple nonequilibrium problems, a FIG. 8. The first triplet (pϭ1) of relaxation times as calculated by the static dynamics method from simulation data of a tethered FENE chain with Nϭ100 beads pulled at its free end with different forces f ͑circles͒ and subjected to uniform flows of different velocities v ͑triangles͒. In the latter case, the total force exerted on the polymer, vN, is used to factilitate a comparison. The lower curve in each triplet corresponds to the longitudinal mode with direction along the flow for both cases.
FIG. 9. The first triplet (pϭ1) of relaxation modes as calculated by the static dynamics method from simulation data of a tethered FENE chain with Nϭ100 beads pulled at its free end ͑dotted lines͒ and subjected to a uniform flow ͑dashed lines͒. The values of the stretching force f ϭ5.0 and flow vϭ0.2 are chosen so that the endto-end distance of the polymer is comparable in both cases. For the end-pulled case, the shape of transverse and longitudinal modes is the same and agrees with the Rouse form ͑solid line͒. For the uniform flow case, the lower curve corresponds to the longitudinal mode, while the two upper curves represent the transverse modes, the symmetry between which is not broken. The shape of all modes in the triplet is quite different from the Rouse form.
tethered polymer pulled at its free end and a tethered polymer subjected to a uniform flow, revealed that it is important to correctly capture the nonlinear modes. In the uniform flow case, the finite extensibility of the polymer leads to a shape of the modes for a strongly stretched chain which is completely different from the Rouse form. In the end-pulled case, in contrast, the Rouse modes remain valid also for a strongly stretched chain. This latter case is untypical for polymers in flow in that the tension within the polymer is constant along its contour. In both cases, there is a strong velocity dependence of the relaxation times which decrease as the springs become harder the more the chain is stretched. This finding casts doubt ͓34,42͔ on the validity of theories for a coilstretch transition in elongational flows ͓17,18͔ which assumed Rouse relaxation in the stretched state.
A large potential for further applications of the static dynamics method is to branched polymers and polymer networks where the calculation of relaxation times, even for simple Rouse-Zimm-like models can be quite tedious although possible analytically ͓65,66͔.
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APPENDIX A: CONDITIONS FOR DETAILED BALANCE
Since the independent variables R i appearing in the Langevin equation ͑B12͒ are all even under time reversal, the condition for detailed balance is that for the stationary distribution P 1 s the current defined in Eq. ͑12͒ vanishes ͓57,58͔, i.e.,
Dividing by P 1 s and multiplying from the left by H Ϫ1 yields
The right-hand side is explicitly gradient, hence, Eq. ͑A1͒ will be satisfied when a potential exists also for the left-hand side. This gives rise to the well-known potential condition ͓57,58͔. Since here the direct force F ⌽ is already known to be derived from a potential, it remains to be shown that a potential exists also for H
Ϫ1
•v. This is the case when the matrix of derivatives, Dϭ" (H
•v), is symmetric. D is an NϫN supermatrix with components
, which are themselves 3ϫ3 matrices. It will be symmetric when ͑i͒ the component-matrices D i j are symmetric and ͑ii͒ D i j ϭD ji . These two requirements are examined in the following. Throughout, summation over repeated indices will be implied.
To find conditions when the 3ϫ3 component matrices D i j become symmetric, we first note that the imposed flow field at the position of the kth bead, of course, is a function of R k only, i.e., v k ϭv(R k ). Hence,
where ‫ץ‬v/‫ץ‬r is the velocity gradient of the imposed flow field. Clearly, in equilibrium, where vϵ0, the rhs becomes zero which is trivially symmetric. In the free-draining limit, H Ϫ1 is both conformation independent and diagonal, i.e., its component matrices are H i j Ϫ1 ϭ␦ i j Ϫ1 1. Thus, D i j becomes symmetric when ‫ץ‬v/‫ץ‬r is symmetric. When an averaging approximation for the mobility matrix is invoked, then H Ϫ1 becomes independent of the polymer conformation R, but not diagonal. For the case of a uniform flow, where ‫ץ‬v/‫ץ‬r ϵ0, the trivial symmetry of D i j in Eq. ͑A3͒ then is immediately obvious. For the case of a constant but nonvanishing velocity gradient ‫ץ‬v/‫ץ‬rϵconst, which itself is symmetric, the following argument shows that the eigendirections of each component matrix of H and H Ϫ1 are the same as those of ‫ץ‬v/‫ץ‬r. We choose orthogonal coordinates in real space along the eigendirections of ‫ץ‬v/‫ץ‬r, which is possible by virtue of the assumptions made. Along each of these directions, there is a reflection symmetry so that upon averaging the conformation-dependent mobility supermatrix only those matrix elements which are even under each reflection do not vanish. In the Oseen approximation, Eq. ͑B8͒, these are precisely the diagonal elements of each 3ϫ3 component matrix. Thus, it is seen that each of the averaged mobility component-matrices H i j has the same eigendirections as ‫ץ‬v/‫ץ‬r. Since the component matrices of the inverse mobility are functions of those of the mobility itself, the former have again the same eigendirections as ‫ץ‬v/‫ץ‬r. Hence, we conclude that H i j Ϫ1 is symmetric and commutes with ‫ץ‬v/‫ץ‬r so that again D i j as given by Eq. ͑A3͒ becomes symmetric.
Under the same conditions as above-averaged mobility matrix and constant symmetric velocity gradient-the requirement that the indices of the component matrix D i j can be interchanged simply becomes
For the case of a uniform flow, ‫ץ‬v/‫ץ‬rϵ0 so that this requirement is obviously satisfied. For the case of a constant but nonvanishing velocity gradient, ‫ץ‬v/‫ץ‬rϵconst, we have the fact that the supermatrix H Ϫ1 is symmetric, i.e., its 3ϫ3 component-matrices obey H ji Ϫ1 ϭ(H i j Ϫ1 ) T . As shown above, the component-matrices H i j Ϫ1 of the inverse averaged mobility supermatrix all have the same eigendirections as ‫ץ‬v/‫ץ‬r which implies (H i j Ϫ1 ) T ϭH i j Ϫ1 . Hence, both sides of Eq. ͑A4͒ become equal. This completes the conclusion that detailed balance also holds for averaged hydrodynamic interactions when the velocity gradient is constant and symmetric.
To summarize, we have shown that detailed balance holds for an important class of polymer flow problems, where two conditions are met. The first condition is that the imposed flow be either constant everywhere vϭv 0 or have a constant and symmetric gradient vϭr. The former case of uniform flow has recently attracted great interest ͑see references cited in the Introduction͒ and is considered in Sec. VI of the present work. The latter case of elongational flow is important in rheology ͓1,2,23͔. Second, the hydrodynamic interactions are described by an averaged mobility tensor which is a common practice in many studies of polymer dynamics, e.g., Refs. ͓12,34 -37,49,51͔. In more general situations, no obvious conclusions can be drawn, since an explicit expression for H Ϫ1 is not available ͑in contrast to H). We remark that external forces exerted on the polymer, e.g., by pulling the ends are subsumed in the direct force F ⌽ ͑in case they are derived from a potential which is generally the case͒. Since in this case vϵ0, detailed balance holds trivially.
APPENDIX B: BEAD-SPRING MODEL FOR NUMERICAL SIMULATIONS
For the numerical simulations we use a bead-spring model as sketched in Fig. 10 . As usual, only motion on the diffusive time scale is considered, hence, the equation of motion for the position of the ith bead (iϭ1, . . . ,N) is obtained from a balance between all forces acting on it. These forces comprise viscous drag forces F H on one side and potential and stochastic forces F ⌽ , F S on the other:
The potential force F i ⌽ is often also called direct force to distinguish it from the solvent mediated hydrodynamic forces. It describes binding and excluded volume interactions between the beads as well as possible external forces applied, e.g., by laser tweezers, i.e.,
The binding between next-nearest neighbors along the chain is described by either harmonic or FENE ͑finitely extensible nonlinear elastic͒ springs with potentials
respectively. For the case of harmonic springs, the force constant k H ϭ3.0 is chosen so that the root-mean-square bond length in equilibrium, b, becomes unity. The FENE spring law is augmented by a nearest-neighbor repulsion of the form described in Eq. ͑B6͒ below, so that a good approximation of rigid rods is obtained as described in Ref. ͓67͔. Suitable parameter values for the force constant k F ϭ30.0 and the maximum extension of the spring R F ϭ1.5 result in a bond length of bϭ0.96 for this case . An additional bead with index iϭ0 which is fixed at R 0 ϭ0 is used to implement the boundary condition at the tethered chain end. An external force with magnitude f and direction x applied at the other chain end is considered in Sec. VI. The corresponding potential is
The contribution arising from the excluded volume effect is purely repulsive and acts between any pair of beads. It is described by a truncated Lennard-Jones ͑LJ͒ potential
The parameters ⑀ϭ1.0 and ϭ1.0 define energy and length scales of the excluded volume interaction. The cutoff radius
is chosen at the minimum of the conventional Lennard-Jones potential and ⌰(r) is the Heaviside function. When combined with harmonic springs, an effective equilibrium bond length of bϭ1.33 results ͓60͔. Together with the FENE potential for the springs, the bead-spring chain becomes self-avoiding like a real polymer for the parameters chosen ͓67͔. If the case without excluded volume effects is under investigation, ⌽ excluded is set to zero. The hydrodynamic forces are linear functions of the bead velocities Ṙ j relative to the imposed flow at their position, v(R j ) ͓68͔. In terms of the mobility matrix H, we have
Without hydrodynamic interactions, the inverse mobility matrix is proportional to the identity, H Ϫ1 ϭ1. The constant of proportionality is the single bead friction coefficient ϭ6a, where is the viscosity of the solvent and a is the effective hydrodynamic radius of a bead. Since in this case, the external flow remains unchanged throughout the polymer coil, this is referred to as the free-draining limit. If desired, hydrodynamic interactions are incorporated in the Oseen tensor approximation ͓15,69͔. This turns the mobility into a conformation-dependent tensor, which is given by FIG. 10 . Sketch of the bead-spring model for a polymer which is fixed at one end ͑bead index iϭ0) and free to move at the other ͑bead index iϭN). The coordinate origin is arbitrarily chosen at the position of the fixed end. Also indicated are the bond length b and the effective hydrodynamic bead radius a.
is the Oseen tensor. Since the mobility matrix constructed with the Oseen tensor becomes nonpositive at small bead separations ͓23͔, we always consider hydrodynamic interactions together with the excluded volume effect. The collective effect of the HI is to reduce the penetration of the external flow into the polymer coil. The extreme case of this screening of the flow is referred to as the nondraining limit.
To get a strong effect of HI, which in equilibrium comes as close as possible to the nondraining limit, we set a/b ϭ0.25. It should be noted, however, that parts of the polymer chain which become stretched under the action of an external force of flow eventually must become free draining ͓38͔.
A uniform flow field vϭvx is considered specifically in Sec. VI, while homogeneous flows vϭv 0 ϩr appear in the results of Sec. A.
The stochastic forces are related to the dissipative drag by the fluctuation dissipation theorem ͓70͔ to ensure the correct equilibrium distribution. Taking the forces acting on all beads together as a single supervector, we have
where T is the temperature, k B is the Boltzmann constant, and is an uncorrelated Gaussian white noise with zero mean and unit variance ͗͑t͒͘ϭ0,
In terms of the supervector R for the bead positions, the equation of motion for the models considered may be written in the general form
The potential ⌽ is obtained by summing the contributions from binding and excluded volume according to Eqs. ͑B3͒-͑B6͒, while the mobility is given by Eq. ͑B8͒. The yet unspecified parameters k B Tϭ1.0 and ϭ1.0 essentially define the units of energy and time.
Except for the simple Rouse model v, H, and F ⌽ ϭ Ϫ" R ⌽ are nonlinear functions of the polymer conformation R, and one has to rely on numerical simulation to solve the equation of motion, Eq. ͑B12͒. A Brownian dynamics simulation scheme suitable for this task is described in Refs. ͓39,60͔.
APPENDIX C: THE ROUSE MODEL
Here, we consider a bead-spring chain of N beads connected by harmonic springs. For this case, Eq. ͑B12͒, which governs the Brownian dynamics of the chain reduces to the set of linearly coupled Langevin equations
where k H is the force constant of the springs and is the single bead friction coefficient. The bead index i runs from iϭ1, . . . ,N. In order to impose boundary conditions we introduce fictitious beads iϭ0,Nϩ1 where R 0,Nϩ1 ϭconst for a fixed chain end and R 0,Nϩ1 ϭR 1,N for a free-chain end. In the following, we will assume one end fixed at the origin and the other end free to move, i.e., R 0 ϭ0 and R Nϩ1 ϭR N . ͑C2͒
Finding the general solution to Eq. ͑C1͒ requires diagonalization of the rhs, i.e., one has to solve the eigenvalue problem
The sign of is chosen such that positive eigenvalues yield stable solutions. Its relation to the relaxation time is Depending on the sign of the radicand we have three different types of solution which are named analogous to their counterparts for differential equations although in the true sense of the word all solutions are, of course, bounded: ͑i͒ ''unbound'' solutions R k ϭc 1 1 k ϩc 2 2 k for (2Ϫ) 2 Ͼ4; ͑ii͒ ''secular'' solutions R k ϭ(c 1 ϩc 2 k) k for (2Ϫ) 2 ϭ4; and ͑iii͒ ''bound'' solutions R k ϭc 1 cos kϩc 2 sin k for (2Ϫ) 2 Ͻ4 ͓or equivalently (0,)].
In case ͑iii͒ we introduced by (2Ϫ)ϭ2 cos which gives 1,2 ϭcos Ϯsin . Only this case leads to solutions which satisfy the boundary conditions under consideration ͓73͔. For the constants c 1 and c 2 , we obtain from the boundary conditions c 1 ϭ0, c 2 sin͑͑Nϩ1 ͒ ͒ϭc 2 sin͑N ͒. ͑C6͒ for the eigenvectors. Here, p runs from pϭ0, . . . ,NϪ1 and the normalization is c 2 ϭ1/ͱN.
If the argument of the sine in Eqs. ͑C8͒ and ͑C10͒ is small, one can expand the sine as sin(x)Ϸx. This reproduces the usual textbook result ͓15,59͔ for the different boundary conditions which is obtained by passing to a continuous version of Eq. ͑C1͒ at the very beginning of the calculation, whereby the finite difference operator (R iϩ1 Ϫ2R i ϩR iϪ1 ) is replaced by a second-order derivative. This is now seen to be an approximation which is valid if the mode number p is small compared to the number of beads N in the chain.
